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COMPOSITE BERNSTEIN CUBATURE 


AN A-MARI A ACU 1 * * AND HEINER GONSKA 2 

Abstract. We consider a sequence of composite bivariate Bernstein opera- 
tors and the cubature formula associated with them. The upper-bounds for the 
remainder term of cubature formula are described in terms of moduli of continu- 
ity of order two. Also we include some results showing how non-multiplicative 
the intégration functional is. 


1. Introduction 

We reconsider (composite) bivariate Bernstein approximation and the corres- 
ponding cubature formulae. This is motivated by a recent sériés of articles by Bar- 
bosu et al. (see [ 2 ]-[ ]). However, some of these papers contain rather misleading 
statements and daims which can hardly be verified. The présent is written with 
the intention to clean up some of the bugs, to optimize and generalize certain 
estimâtes, and thus to further describe the situation at hand. 

Our présent contribution is a continuation of [8]. Historically the origin of the 
method discussed seems to be in the article [ ] by D.D. Stancu and A. Vernescu. 

2. A GENERAL RESULT 

We first introduce some notation which will be needed to formulate the general 
resuit. 

Définition 2.1. Let I and J be compact intervals of the real axis and let 
L : C(I) —> C(I ) and M : C(J ) -A C(J ) be discretely defined operators, i.e., 

L{g\x) = ^2g(x e )A e (x), g G C(I),x G I, 

e&E 

where E is a finite index set, the x e G I are mutually distinct and A e G C(I), 
e G E. 

Analogously, 

M(h; y) = ^ h(y f )B f (y), h G C(J),y G J. 

/GE 

If L is of the form above, then its parametric extension to C(I x J) is given by 
X L(F; x, y) = L(F y ; x) = ^ F y (x e )A e (x) = ^ F(x e , y)A e (x). 

eeE e&E 
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Here F yi y G J, dénoté the partial functions of F given by F y {x) = F(x,y),x G F 
Similarly, 

y M(F ; x, y) = ^ F(x, y f )B f (y). 

feF 

The tensor product of L and M (or M and L) is given by 

( X L °y m) (F ; x, y) = EE F(x e ,y f )A e (x)B f (y). 

e&E feF 

The theorem below is given in ternis of so-called partial moduli of smoothness 
of order r, given for the compact intervals /, J C M, for F G C(I x J), r G No 
and 5 G M+ by 


uJ r (F; 5, 0) : = sup 


Ei-g 


v=0 


and symmetrically by 


a; r (F; 0, 5) :=sup 


El- 1 )' 


u=0 


V 


F(x+vh , y) 


F(x, y+vh) 


: {x,y), (x+rh,y) ElxJ,\h\<5 


■ ( x,y),(x,y+rh)elxj,\h\<6 


The total modulus of smoothness of order r is defined by 


Coy(F; 5i, S 2 ) ■■= sup 


Ei- 1 )’ 


u =0 


F(x + vhi,y + vh 2 ) 


(x,y), (x + rhi,y + rh 2 ) G I x J, |hi| < hi, \h 2 \ < 5 2 } • 

We now formulate and prove a simplified form of Theorem 37 in [6]. 

Theorem 2.1. Let L and M be discretely defined operators as given above such 
that 

r 

\(g-Lg)(x)\ < L(x)u} p {g-, A PiL (x)), g G C{I),xe /, 

p =o 


and 


\(h - Mh)(y)\ < ^2r atM (y)uj a (h-,A aM (y)), h G C(J),y G J. 


(T = 0 


Here uj p , p = 0,... ,r, dénoté the moduli of order p, and T and A are bounded 
functions. Analogously for M. Then for (x,y) G / x J and F G C(I x J) the 
following hold: 

r 

|[F- ( X L o y M)F} (x,y) \ < ^ r PtL (x)u> p (F-, A p>L (x), 0) 

p= o 

S 

+ \\ L \\ v ^M(y) uj Â F i o, 

a=0 

where ||L|| dénotés the operator norm of L, which is finite due to the form of L. 
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Proof. We hâve 

| [F - ( X L o y M)F} (x, y)\ = | [(Id - x L) + x L o (Id - y M)} (F; x, y)\ 

< \(Id — x L)(F-,x,y )| + \ x Lo (Id - y M)(F;x,y)\ 
= : E^x.y) + E 2 (x,y). 

Now, for x G I, 


Ei(x,y) = \{Id- L)(F y -x)\ < ^r PiL (x) ■ u p (F y -A p , L (x)) 

p =o 

r 

< ( F ; a pA x )> °) • 

p =o 


Furthermore, with G := (Id — y M)F , we hâve 

E 2 (x,y ) = \ x L(G;x,y)\ = \L(G y -,x)\ < ||£(G w )||oo,*eJ- 

Here again G y G C'(J) for ail y G J. By our assumption on L we hâve for any 
g G C(J) that 

iiisiu< (i+XA- 

V p =0 



Hence ||L|| < oo. 

In the situation at liand we hâve 


11^1100 = 11 [(Id-y M)F] y ( 01100 = \\(Id-y M)F(;y)\\ OB =\\(Id ~ y M)F x (y)\\ OQ ^ I 

S S 

— || ^ ^ r* Ma (-^r? A.(T,M(y')') ||oo ^ ^ ^ (j/) • SlipCJ^- ( F r , A<j ? m(?/)) 

(7 = 0 ( 7=0 

s 

= ^ r^M^) • o;* (F; 0, A^ m (j/)) • 

( 7=0 

Hence 

r 

Ei(x, y) + E 2 (x, y) <Y^ V pA x ) ■ u P (F\ ^ P A x )i 0 ) 

p =o 

S 

+ WI-EO M (y) ■u ir (F-,0, A aM (y))- 

(7 = 0 

□ 


3. Application to bivariate Bernstein operators 


Example 3.1. If we take L = B ni and M = B n2 with two classical Bernstein 
operators mapping C[0,1] into C[0,1], then for F G C([0,1] x [0,1]) and (x,y) G 
[0,1] x [0,1] 


ni n 2 

( x B ni o y B n2 ) (F ; x, y) = ^ ^ F 

*1=0 *2=0 


W n 2/ 


Pn i,zi (^)Pn2,Z2 (?/) ’ 
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where p n ,i(x) = O 2 '*!! — x ) n \ x ÇL [0,1], and 

3 


| [F-( x B ni o y B n2 ) F] (x, y)\<- 


UJ2 F ; 


x(l — x) 


n i 


, 0 +CU 2 I F ; 0, 


's/(i -y) 

n 2 


< 


|| F ( 2 ,0)| U £(L_î) + || F (0 


,2)|i yQ--y) 


n i 


n 2 


,FeC 2 ’\[ 0,1] x [0,1]). 


Proof. We apply Theorem 2.1 with r — s — 2, r 0 ,s„ = = 0, T 


2,Bn - 


2’ 

F 2 ,B n (z) = \J Z(l n Z \ for n G {ni, n 2 }. The latter two choices are possible due to a 
well-known resuit of Pâltânea (see [ 1 ]) showing that for the univariate Bernstein 
operators one has 


I f(x) - B n (f,x) | < -UJ 2 ( /, 


x(l — X) 


n 


□ 


Remark 3.1. From the last inequality we get 

l/M - I < |||/"iu l(1 ~ ;l) , / € C 2 [0,1], 

This is worse than the known inequality 

i/(x)-B„(/ini<i|i/"ii=o^k—d. 

2 n 

Our inequality was obtained from the more general statement in terms of oj 2 and 
well-known properties of the modulus. 

Ffowever, we can use instead Theorem 1 in [7] (take p = q = 2, p' = q' = 0, 

n r f \ 1 x(l-x) l y(l-y) . 

r = s = 0, r 0 , 0 ,n ni (x) = - --- and V 0fi>Bn2 (y) = -- z - J to arrive at 


ni 


n 2 


[F - (A, o» B m )F] (:r, y)\ < ||F< 2 «|U + -^>||^<o,2)| 

Z 77-1 Z 772 

_ 1 s(l - x)y{l - y) I, (2 2) 


nin 2 


1 


< -||F (2 


. 0)1 


+ 


1 


lie' 2 ' 

lie® 


2)1 


+ 


■Il A 2 


- 2 )| 


8ri! 11 8n 2 " 64nin 2 ' 

An estimate of this kind can be found in Theorem 2.3 of [2]. 

Such three-term expressions typically appear if one writes (I denoting the iden- 
tity) 

I - A o B = I - A + I - B - (/ - Al) o (/ - B) = (/ - A) © (/ - R), 

that is, if one uses the fact that the remainder of the tensor product is the Boolean 
sum of the errors of the parametria extension. The approach behind the above 
Theorem 2.1 invokes the décomposition 

I - Ao B = I - A + Ao (I - B), 
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and therefore leads to the two-term bound. 

4. The Bernstein type cubature formula revisited 

In this section we give a new upper bound for the approximation error of 
cubature formula associated with the bivariate Bernstein operators. The bounds 
are described in terms of moduli of continuity of order two. The considération 
of this cubature formula is motivated by Bârbosu and Pop’s resuit [3]. It deems 
necessary to also correct sonie of the wrong statements rnade there, in particular 
those with respect to Boolean sums. 

Integrating the bivariate Bernstein polynomials for F G C([0,1] x [0,1]) one 
arrives at the following cubature formula 



ni n2 


F(x, y)dxdy = 


o Jo 


(ru + l)(n 2 + 1) 

' ' ' ' «1=0 «2=0 




ni n 2 


R, 


ni,ri2 


T], (4.1) 


where the remainder is bounded as follows: 


\R. 


1 


' 711,712 


[F]\ < - ||F (2 ’ 0) || +-||F (0 ’ 2) || + 


12n 2 


144nin 2 


IF 2 ’ 2 ! 


12ni 

if F G C 2 - 2 ([0,1] x [0,1]). 

This follows from the three-term upper bound of Remark 3.1. See [3] where 
the same intégration error bound can be found. 

The two-term bound from Example 3.1 leads to the following 

Theorem 4.1. For the remainder term of the cubature formula (4-1), ni ,n 2 G N 
and F G C([0,1] x [0,1]) there holds 


\R 


ni,««2 


[^l<ô 


^2 F; 


I x( 1 — X ) 

ni 


, 0 \dx+ lo 2 F; 0, 


ly Q--y ) 

n 2 


dy 


Moreover, if F G F 2,2 ([0,1] x [0,1]) ? then the above implies 


T]|<t(-IT <2 ’ 0) || O o + -||U»' 2 »| 


Rni,no I 

71 \ni" " n 2 

Proof. Ail that needs to be observed is that a function of type [0,1/2] 3 z —$■ 
oj 2 (F;z,0) (with F fixed and continuons) is continuons, thus intégrable. The 
mixed moduli of smoothness of order (k, l), with k, l G No, given for 5i, ô 2 > 0 by 

k i 


Uk,i(F-,ô 1 ,ô 2 ) ■= sup 


h 


F(x + v • h u y T y ■ h 2 ) 


EE<-i r + “‘ 

V =0 7*—0 

(x, y),(x+ khi, y + lh 2 ) e [0, l] 2 , [h/ <ô u i = 1,2} , 

is a positive, continuons and non-decreasing function with respect to both vari¬ 
ables (see [9], [1 ']). For continuons F these moduli are continuons in 5\ and ô 2 
and satisfy 

u k (F-, Ai, 0) = u ki0 (F] 5i, ô 2 ) and cu fc (F; 0, Ai) = £u 0 ,fc(F; Ai, ô 2 ). 

The latter is only relevant to us for k = 2. □ 
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5. The composite bivariate Bernstein operators 

In this section we construct the bivariate composite Bernstein operators and 
the order of convergence is considered involving the second modulus of continnity. 
Also, some ineqnalities of Tchebycheff-Grüss type will be proven. These results 
are obtained using some general inequalities published in [1], [ ]. In order to 

give the main results of this section, we recall the following facts: 

1. For a, b G M, a < b, and / G the Bernstein polynomial of degree 

n G N associated to / is given for x G [a, b ], by 


(") - “n* - *r-‘f («+ > b -^ 

2. For g G C 2 [a, b] one lias 

g{x) - x) = - (x ~ a ^ b ~ X> g"(U & 6 (a, b). 


If we divide [0,1] into subintervals 
k — 1 k 

we consider 


k — 1 k 


m m 


, k = 1 ,,m G M, then on 


m m 


n 

£ 


= m 


i =o 


k- 1 


x 


m 


k 

- x 

m 


f 


kn — n + i 


mm 


T] ^ 


Now we compose the B n k to obtain the positive linear operator B n m 

C[ 0,1], 

_ Jç _ ^ Jç 

B n ,m(f',x) = B ntk (f;x), if x G -, 1 < k < m. 

m m 

From now on (subscripted) symbols n... will refer to a polynomial degree. 
(Subscripted) numbers m... will be related to grids. Each function B n>m (f ) 
is a Schoenberg spline of degree n witli respect to the knot sequence given as 
follows: 

0 = — [n + 1) — fold 


m 

1 

m 


n — fold 


m — 1 


m 
1 = 


m 


m 


n — fold 


(n + 1) — fold 


We renounce to give a précisé numbering of the knots since this will not be needed 

_ fc 

below. Thus B nm reproduces linear functions, interpolâtes at —, 0 < k < m and 
’ _ ' m 

lias operator norm ||B nim || = 1. 
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For ni, tt- 2 , mi, 777-2 G N we now consider the parametric extension x B ni)mi and 
y B n2t7n2 and their product x B n ljmi o y B n2}Tn2 . For brevity the latter will be dénoté 
by B. 

For (x, y) G 


?r 

1 

M 

k ' 

X 

'l - 1 

l ' 

7771 

777i 

777 2 

777 2 . 


ni 712 


B(f-, x, y) = mf 1 

i =0 j =0 


771 \ / ?7 2 

j 


, it follows 

k- 1 


x 


777.1 


-X 

777i 


î/“ 


l - 1 

777 2 


l 

m 2 


- y 


n 2 3 


f 


k -1 


+ 


i l — l 


+ 


J 


7771 777P/71 777 2 7727772 


and 


|/(x,2/)-£(/;x,î/)| = 


x- 


.kd) ( _k 

m ) \ m\ 


-X 


2m 


II /' 2 


.0)1 


7/ — — ) ( —— y 

a 7712 / V 7712 ^ 


2772 


ll/ (0 


- 2 )| 


(x-^i) (-*- 

\ 771 / V 7711 


+ 


where / G C 2 ’ 2 ([0,1] x [0,1]). 
Using Theorem 1 again we get 


x 7/ 


t±) -L 


m 2 I \m 2 


4t7i77 2 


II/ 12 


2)1 


Theorem 5.1. For / G C([0,1] x [0,1]), 77i, 77 2 , 777 i, t77 2 G N and (x, 7/) G [0,1] x 
[0,1] there holds 


( 


| f (Xj y) - B(f\x,y | < - < w 2 


/; 


\ 


X 


fc-1 

mi / \ mi 


X 


\ 


771 


,0 


V 


C 0 2 


/; o, 


\ 


tii r j. 


7712 / V 7712 


n 2 


V 


if (x, y) G 


fc-1 

fc 

X 

7-1 

Z 

7711 

7711 

rri2 

7712 


, 1 < k < 7771, 1 < l < 777 2 . 


Proof. For the univariate case we hâve 


|- B n ll m 1 (/;x) - /(x)| < -u 2 


/ 

f. A 

_ «tüA f _k _ \ 

V e mi y [ mi 


ni 


for x G 


fc—1 k 

7711 ’ 7711 


, 1 < k < mi. Here uj 2 is the second order modulus over [0,1]. 

An analogous inequality holds for B n2jTn2 . 

The theorem mentioned implies, with r = s = 2, the inequality claimed. □ 
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Remark 5.1. As mentioned earlier, for g G C 2 [a,b\ one has 


\a(x)-Bt b] (g-,x)\ = 


(x — a) (b — x) 


2 n 


g"(Ù 


< 


(b-af 

8 n 


\W%a 


[a,b],oo' 




For [a, b] = , the last expression equals — , 

0772 Tl l iio j 

If f G C 2,2 ([0,1] x [0, 1]) and (x,y) G [0,1] x [0,1], using Theorem 1 in [7], this 
leads to 

1 .. -eo ni.. 1 ,, -(0,2) I' 1 


| f{x,y) - B(f\x,y\ < 


-Il / 


( 2 , 0 )| 


+ 


'Il / 


+ 


8m 2 ni °° 8m 2 n2 °° 64m 2 nim 2 n2 

For mi = m 2 = 1 this is exactely the inequality in Remark 3.1. 


11/ 


(2,2)I 


6. A Chebyshev-Grüss inequality 


In what follows we présent an inequality for the bivariate composite Bernstein 
operators, expressed in term of least concave majorant of continuity. Let C(X) 
be the Banach lattice of real valued continuons functions dehned on the compact 
metric space (X,d). 

Définition 6.1. Let f G C(X). If, fort G [0, oo), the quantity 
u d (f;t) := sup{|/(x) - f(y)\,d(x,y) < t} 
is the usual modulus of continuity, then its least concave mojorant is given by 

(t - x)u d (f, y) + (y- t)u d (f, x) 


üd(f,t) = 


sup 

0<x<t<y<d(X) 


y-x 


-, 0 < t < d(X), 


u d (f,d{X)),t>d(X), 
and d{X) < oo is the diameter of the compact space X. 
Dénoté 


Lip r = {g G C(X) 


\9\Li P r ■= sup ^ < oo } , 0 < r < 1. 

d(x,y )>0 ^ V) 


Lip r is a dense subspace of C(X) ecpiipped with the supremum norm 
I • | Lip r is a seminorm on Lip r . 

The ih-functional with respect to ( Lip r , | • | Lipr ) is given by 


and 


K(t, f;C(X),Lip r ) := inf {\\f - g\\oo + t\g\ LiPr } , for / G C{X) and t > 0. 

gÇLipr 


Lemma 6.1. [10] Every continuons function f on X satisfies 

K Q, /; C(X), Lipi^J = Uo d (f, t),0<t< d(X). 

Let H : C(À" 2 ) —> C(X 2 ) be a positive linear operator reproducing constant 
function and dehne 

T(f, g ; X, y) = H(fg ; x, y) - H(f ; x , y) ■ H(g; x , y). 

In order to give an inequality of Chebyshev-Grüss type we recall a general resuit 
given by M. Rusu in [ ]. 
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Theorem 6.1. [ ] ///, g G C(X 2 ) and x,y E X fixed, then the inequality 

I T(f, g ; x, y) < i ü d (/; H ( d 2 ( -, (x, ?/)); x, r/)) • ( 3 ; 4^7/ (d 2 (-, (x, ?/)); x, ?/) 

hoMs, where H (d 2 (-, (x, y))] x, y) is the second moment of the bivariate operator 
H. We consider here the Euclidian metric d 2 - 

Proposition 6.1. For f,g G C(X 2 ) andx,y G X fixed, the following Grüss type 
inequality holds 

I B{fg\ x , y) - B(f ; x, y) • B(g ; x, y)\ < ^ü d2 (/; 4^'I'(x,r/)) • <ü d2 ( 3 ; 4 v ^(x,2/) 


< 7^2 /; 2 1 


+ 


a~-u> 2 \ J i \ 2 1 2 

4 \ \/ TT-iTTT-f 722777-2 


• ^; 2 i 


+ 


77 . 2 m! 


where ^(x, 7 /) = 


x 


fc-i 

mi / \ m\ 


X 


y — — ) ( —- y 

a 1712 J \ 171 2 ^ 


77l 


77 2 


and (x, 7 /) G 


fc—1 A; 

mi 5 771 x 


l-l J_ 

7712 5 7772 


7. A CUBATURE FORMULA BASED ON B 

In this section sonie npper-bounds of the error of cubature formula associated 
with the bivariate Bernstein operators are given . In [ ] D. Bârbosu, D. Miclâu§ 
introduced the following cubature formula: 


1 rl 



1711 1712 f — 


0 JO 


7771 7772 o — 


» ^ ^ / m I 7n 2 

f(x,y)dxdy = / I ~ f{x,y)dxdy 


EELL B(f',x, y)dxdy 


k —1 l — 1 mx rn 2 

-1 />! 


/c = 1 Z = 1 mi 



B(f;x, y)dxdy := I(/). 


0 ^0 


It follows 


A z 

771 / 771-2 


r fc-1 /Z-l 
m l m 2 


= m^mf 2 


B(f] x, y)dxdy 

I ll i \ 1 7t2 \ f ni f k — l\ f k 


77i 772 


771—7 

— x 1 dx 




' z-i 
m 2 


m 2 / V m 2 

771 712 


7fti 777-177-1 777- 2 77- 2 777- 2 


V v 4 f ( k ~ 1 + * A4 + -7' 


i=0 j=0 


mi miTT-i 7712 77.27772 


where A 


771,772,7771,7772 


m 1 m 2 (ni + l)(n 2 + 1)’ 
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Theorem 7.1. For f G C 2,2 ([0,1] x [0,1]) it follows 
~1 r l 



f ( x , y)dxdy — X(/) 


o Jo 


< 


12 nim 2 

1 


ll/ (2 


. 0)1 


+ 


12n 2 m| 


Il/ (0 ' 


2)1 


HI/ (2 


2 )| 


144nin2m 2 m2 


Proof. We hâve 

f{x,y)dxdy-l{f) 



>o J o 

mi 777-2 


DS L t L f(x,y)dxdy-J2Yl kA L B (f-> x ,y)dxdy 


k=i i=i 
m\ m2 


k= 1 2=1 


sEEL |/0,2/) -£(/;x,7/)|dxch/ 


fc=l i=l 

777l 7772 




/s=i /=i 

fc-i 


x — 


m l m 2 

k 


X- 


k-l \ (_k_. 


m i j \ mi 


-X 


mi / \ mi 


x j 12/ 


2n i 

-bU±_ 


ll/ ( " 


0)1 


f_L. 


7772 y V 7772 


2no 


n/ (0 - 


2 >i 


7772 / \m 2 


7771 7712 

k~- 


~^y~f [ 12771777.^7772 


4t7i77 2 


ll/ (2 


11/ 


( 2 , 2)1 


0)1 


+ 


127727772^1 


ll/ <0 


, 2)1 


dxdy 


+ 


:ll/ (2 ' 


2 )| 


14477i 772T77'j i 7772 


:||/' 2 


0)1 


+ 


,|l/ <0 ’ 2) || + 


12t7 1 777 2 1 277 2 7772 

One further estimate is given in 

Theorem 7.2. For f G O 2,2 ([0,1] x [0,1]) it follows 


rll/ (2 


, 2)1 


14477i772777 2 777| 


1 r 1 



/ (x, y)dxdy — X(/) 


0 70 


1 f 1 


*4l 


777 2 77i 


ll/ (2 


. 0)1 


+ 


| oo i o 

777/2^2 


n/ (o 


2)1 


Proof. Intégrât,ing the error given in Theorem 5.1 leads to 
f(x,y)dxdy -X(f) 



0 .70 


7771 7772 




fc=i «=i 


7771 II -1 
m 2 




UJ2 



/ 

f™ï 


/ 

/; \ 

/ fc-1 

777-1 

N 


X 


k -1 ) (_k _ 

mi y ymi 

711 




,0 


dx 


/; o, 


\ 


y 


_ B ± - 


7772 / y 1112 


y 




n 2 


dy 
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Since / G C 2,2 ([0,1] x [0,1]) leads to 


1 /■! 



f(x,y)dxdy-I(f) 


0 JO 


777-1 777-2 




— il/' 2 

7 l m 2 


!.0)| 


"777 X- 


fe-1 

mi ) V mi 




fc=l 1=1 I 


dx 


m i 


■ii / <0 


’ 2 >i 


Z 

m 2 


r z-i 
m 2 


' fc-1 

z—i A / i 


y~™ \^-y 


n i 


ni 


dy 


EE 


2 ^ -y—j* - [ Qm\rri2ni 


n/ (2 


0)1 


3 , 2 ) | 


6777 - 1777 ,^ 2 ^ MO ° 


4 [ ?77 2 ni 


ll/ ( " 


0)1 


+ 


777^2 


■|l/ (0 


2)1 


□ 


8. NON-MULTIPLICATIVITY OF THE CUBATURE FORMULA 


In this section we will give some results which suggest how non-multiplicative 

the functional X(/) = / / B(f\ (x,y))dxdy is. 

io Jo 

Let (X,d) be a compact metric space and L : C(X) —> M be a positive linear 
functional reproducing constant. We consider the positive bilinear functional 

D(f,g) ■= L(fg) — L(f)L(g). 

Theorem 8.1. If f,g G C(X), (X,d) a compact metric space, then the inequality 

I DU,g) < \a d (/; 2 VU(<P(-,-))) a t (g; 2yi 2 (<P(.,.))) 

holds. 

Proof. Let f,g G C[a, 6] and r, s G Lipi. Using the Cauchy-Schwarz inequality 
for positive linear functional gives 

|i(/)l < i(l/l) < Vil/ 2 )-i(i) = VÜ7 2 ), 

so we hâve 

D{f, f) = L(f 2 ) — L(f) 2 > 0. 

Therefore, Z7 is a positive bilinear form on C(X). Using the Cauchy-Schwarz 
inequality for D it follows 

|1>(/,9)I < VD(f,f)D(g,g) < ||/|U|| 9 |l=o. 


Since L is a positive linear functional we can represent as follows 

L{f) ■= [ f(t)d(i(t), 

Jx 
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where /i is a Borel probability measure on X, i.e., / = 1. For r G Lip\, it 

J x 

follows 

D(r,r ) = L(r 2 ) — L{r) 2 = J r 2 (t)dfi(t) — r{u)dp{u) 

r(t) — / r(u)dp(u) ) d/z(Z) — \ (r(Z) — r{u))dfi{u) ) d/i(Z) 

! X \ JX J JX \Jx J 

< “ r(u)) 2 dn(u)^j dp(t) 



< I r-r 

— riLzpi 



d 2 (t , u)dp(u ) ) d/i(Z) 


x \JX 


= \Ali P1 Lt [ L ■))] = ML P1 £ 2 (d 2 (-, •)) • 

For r, s G Li/F we hâve 

|-D(r,s)| < y/ D ( r , r )D(s,s) < \r\ L i Pl \s\ Lipi L 2 (d(-, ■)) ■ 

Moreover, for / G C(X) and s G Lipi, we hâve the estimate 

|B(/,S)| < ï /spÔM < ||/|Us|ü M Vi 2 (d(-, -))- 
In a similar way, if r G Lipi and (7 G C(X), we hâve 

I D(r,g)\ < y/D(r, r)D(g, g) < \\g\\oo\r\u P1 V L2 ( d (■,•))■ 

Let /, g G C(X) be ûxed and r, s G Lzpi arbitrary, then 

\D(f,g)\ = \D(f -r + r,g-s + s)\ 

< I D(f-r,g-s) + \D(f-r,s)\ + \D(r,g-s)\ + |£>(r,s))| 

< 11/ - ^IU • Il g ~ s||oo + ||/ - rllœ • | s\ Lipi ^L 2 (d 2 (-, •)) 

+ I \g ~ s||oo ' \r\u P1 V L2 ( d 2 { -, ■)) + |r| Lipi |s| Lipi L 2 (d 2 (-, •)) 

- t-Hoo + |r| Lipi yjL 2 (d 2 (-, •))} j||g - s||oo + (d 2 (-, ' 

Passing to the inhmum over r and s, respectively, leads to 

w,g)\ < K (VL 2 {<?(■, -)),/; C(x), Lin) - AT (Vi 2 (d 2 (-, 0),s;CW,%) 


< 


-cù (/; 2 v/fÿ) ü> (g; 2 ^ (<*>(.,.))) 


□ 


Applying Theorem 8.1 for L(f) = Z(/) we obtain the following resuit: 
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Corollary 8.1. If /, g G C([0,1] x [0,1]) , then 
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\X{fg)-X{f)X{g)\<-ü d2 [f;2\ - H 


nim 2 77.2RI2 


( 8 . 1 ) 


Ùd 2 g-, 2\ - H 


nim\ n 2 m\ 


Proof. We hâve 


m\ 1712 ni n,2 


( 2 ( 5 )) m ?mn(ni + l) 2 (n 2 + l) 2 

fc,fei=i z,Zi=i i,ù=oj,ii=o 1 2V 1 ) \ z ' > 


ki — 1 h 
—-+ — L 


k- 1 


+ 


m 1 mirii mi mini 

1 mi ni / , , . • \ 2 


*i~l + _Ji_ 


Z - 1 


J 


m\{rii + iy 


= 77 1 + 


^ ^ ^ ^ /ci — fc ^ il — i ^ ^ 


fc,/ci = ]z,2l=0 


+ 


m 2 n 2 ra 2 ra 2 n 2 m 2 

-, 1712 ri2 


y y ihzL+iiziX 

mi minij m|(n 2 + l) 2 / ^- / 1 . J j^ Q \ m 2 m 2 n 2 J 


m\ni m\n 2 


Therefore, using Theorem 8.1 it follows 


\l(fg)-l(f)l(g)\<-ü d2 [f-2\-(l + 


■ü d2 g; 2 1 


+ 


nim\ n 2 m\ 


1 + 


+ 


nirn\ n 2 m\ 


□ 


In the following part of this section we will give a Chebyshev-Grüss type 
inequality which involves oscillations of fonction. This resuit is obtained 
using a general inequality published in [ ]. Let Y be an arbitrary set and B (Y 2 ) 
the set of ail real-valued, bounded fonctions on F 2 . Take a n , b n G M, n > 0, 

OO OO OO OO 

such that \a n \ < 00 , ~y^a n = 1 and E |6 n | < 00 , E b n — 1, respectively. 

71 =0 71 =0 71 =0 71=0 

Furthermore, let x n E Y,n > 0 and y m E Y, m > 0 be arbitrary mutually 
distinct points. For / E B{Y 2 ) set f ntTn := f(x n ,y m ). Now consider the fonc- 

OO OO 

tional L : B (Y 2 ) M, Lf = EE anbmfn,m■ Tb e fonctional L is linear and 

71=0 171=0 

reproduces constant fonctions. 

Theorem 8.2. [ ] The Chebyshev-Grüss-type inequality for the above linear func- 
tional L is given by: 

^ OO 

\L(fg) — L(f) ■ L(g)\ < - ■ osc L (f) ■ osc L (g) ■ y \a n b m aibj |, 

n,m,i,j= 0, ( n,m)jt(i,j) 
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where f, g G B (Y 2 ) and we define the oscillations to be: 

osc L (f) := sup{|/ n , m - f id \ : n,m,i,j > 0}. 

Theorem 8.3. [ ] In particular, if a n >0, b m > 0, n,m > 0, then L is a positive 
linear functional and we hâve: 

_. / OO OO 

|£(/ 9 )-£(/)-i( 9 )l< r 

\ n=0 m =0 

for f,g E B (Y 2 ) and the oscillations given as above. 

The following resuit gives us the non-multiplicative of the functional X using 
discrète oscillations. This resuit is better than (8.1) in the sense that the oscilla¬ 
tions of functions are relative only to certain points, while in (8.1) the oscillations, 
expressed in terms of ü, are relative to the whole interval [0,1]. 

Corollary 8.2. If /, g G 5([0,1] 2 ), then 

\X(fg) -ï(/)ï( 9 )| < \ (l - mim , 2( „ i+ 1 I)( „ 2 + 1) ) ™<f)osc( 9 ). 
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